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ABSTRACT
We discuss the regularization of chiral gauge theories on the lattice introduc-
ing only physical degrees of freedom. This is obtained by writing the Wilson
term in a Majorana form, at the expense of the U(1) symmetry related to
fermion number conservation. The idea of restoring chiral invariance in the
continuum by introducing a properly chosen set of counterterms to be added
to the tree level action is checked against one–loop perturbative calculations.
Nuclear Physics B (in press)
1 Introduction
The problem of finding a nonperturbative formulation of a chiral gauge
theory is still an active field of investigation [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14]. The root of this difficulty lies in the impossibility of finding a regular-
ization procedure which preserves the chiral symmetry of the classical action
functional. QED gives us a first example of this conflict with the Adler–Bell–
Jackiw anomaly [15, 16], which spoils the conservation of the axial current.
The anomaly term happily accounts for the measured π0 → 2γ decay rate,
which otherwise would be suppressed according to the Sutherland–Veltman
theorem [17]. In supersymmetric gauge theories a number of correlators
identically vanishing in perturbation theory are in fact nonzero thanks to
the existence of topologically nontrivial gauge field configurations with im-
portant consequences, as spontaneous supersymmetry breaking in certain
chiral theories [18, 19, 20]. But even more striking is what happens in the
Weinberg–Salam model, because of the severe physical constraints imposed
by the cancellation of quark against lepton anomalies, in order to ensure
gauge invariance of the theory, and hence renormalizability [21].
The key point is that it is impossible to quantize chiral fermions coupled to
gauge fields in a way that simultaneously preserves the gauge symmetry and
the validity of the usual axioms of Quantum Field Theory. In the context of
the lattice regularization of a chiral gauge theory with gauge group SU(2), we
shall study the possibility of restoring chiral symmetry when the cutoff Λ (the
inverse lattice spacing, a−1) goes to infinity. In our formulation, discussed in
section 2, we shall not need to introduce any unphysical degrees of freedom,
as suggested in [3, 22, 23]. In section 3, we will compare the symmetries of
the classical action with those of the regularized one. In particular, in section
4, we briefly discuss on the anomaly structure of the global U(1) currents and
on the related question of fermion number nonconservation. Following the
1
approach of [1], we shall replace from the start the asymmetrical regularized
action S with an (asymmetrical) functional S + Sc.t., where Sc.t. contains all
the interactions which are not invariant under the symmetries broken by the
regularization (but of course still invariant under the preserved ones). We
shall choose these interactions in such a way that their canonical dimension
is less than or equal to four, to keep renormalizability. Moving from the
observation that the formal continuum theory is BRST–invariant, we shall
try to satisfy the related Slavnov–Taylor identities in the regularized theory
with action S+Sc.t. in the limit of infinite cutoff, that is up to terms vanishing
when a→ 0; this way we fix the coefficients of the interactions in Sc.t.. The
program we have just outlined is checked in section 5 by performing a few
one–loop computations. In the last section we finally draw some conclusions.
2 Description of the Model
In this model we shall consider a fermionic undotted Weyl isodoublet1 χαA(n),
A = 1, 2, defined on lattice sites which transforms according to the fundamen-
tal representation of the group SU(2), χα(n) −→ Ω(n)χα(n), Ω(n) ∈ SU(2).
Its dotted partner χ¯α˙,A(n) transforms as χ¯α˙(n) −→ χ¯α˙(n)Ω
†(n), and is an in-
dependent variable from the point of view of (Euclidean) path integration.
We focus our analysis on a theory based on the simple gauge group SU(2),
whose representations are real, because we want to keep the calculations
as simple as possible; i.e. we avoid the introduction of more fermion matter
fields, which would otherwise be necessary to cancel local anomalies, as in the
Standard Model. This restriction is merely of a technical nature. Of course
one can consider different theories with fermions making up anomaly–free
representations; the reader can find a discussion concerning the case of the
1We are using van der Waerden’s notation for Weyl spinors [24].
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group SU(5) with one generation of 5∗+ 10 Weyl fermions in [22]. It is well
known that an SU(2) gauge theory with one Weyl fermion in the fundamen-
tal representation is plagued by a global anomaly [25]; nevertheless this will
not affect our calculations, because they are performed around the trivial
vacuum configuration.
Let then Uµ(n) = exp
[
iagAµ(n+ µ/2)
]
be a link variable belonging to
SU(2)2 and transforming as Uµ(n) −→ Ω(n)Uµ(n)Ω
†(n + µ) under the gauge
group. The action functional ST + SYM , where
ST =
1
2a
∑
n,µ
a4
[
χ¯α˙(n)σα˙β,µUµ(n)χ
β(n + µ)− χ¯α˙(n+ µ)U †µ(n)σα˙β,µχ
β(n)
]
,
(2.1)
SYM = −
1
2g2
∑
n,µ,ν
Tr
[
Uµ(n)Uν(n + µ)U
†
µ(n+ ν)U
†
ν (n)− 1
]
+ h.c. , (2.2)
is then invariant with respect to local SU(2) transformations.3
Unfortunately, the theory defined by ST + SYM does not correctly repro-
duce the continuum limit of a chiral gauge theory, due to the well–known
fermion species doubling. The strategy proposed by Wilson, to circumvent
this problem, consists in adding to the action a term chosen in such a way
that only one fermion species survives in the continuum limit, a→ 0, having
given the spurious states a mass of order a−1 [26]. Using Weyl spinors it
is possible to choose this term in a way in which only left–handed fermions
are involved, that is without introducing any fictitious degree of freedom
[3, 22, 23]. This interaction (that we call the Wilson–Majorana term) is
SW = −
r
a
∑
n,µ
a4
{
χ¯α˙(n)
(
χ¯β˙(n + µ)− χ¯β˙(n)
)
ǫα˙β˙ +(
χα(n + µ)− χα(n)
)
χβ(n)ǫβα
}
, (2.3)
2Our gauge connection is hermitian and it is defined as Aµ ≡ A
a
µ
σa/2, where the σa
are the usual Pauli matrices.
3A brief excursus on σ¯ matrices can be found in the appendix.
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where 0 < r ≤ 1, and (2.3) is the discretized version of
−
1
2
(ra)
∫
d4x
(
χ¯α˙✷χβ˙ǫα˙β˙ + χ
α
✷χβǫβα
)
, (2.4)
which is an irrelevant coupling, formally vanishing when the cutoff is re-
moved. We can immediately check that this term gives a mass of order ra−1
to the unwanted fermionic degrees of freedom by looking at the two point
Green functions of the free theory,
P α˙βAB(n) ≡
〈
χβA(n)χ¯
α˙
B(0)
〉
=
∫ pi
a
−pi
a
d4p
(2π)4
eipna
(
−ia
∑
µ σ
α˙β
µ sin pµa
)
△(pa)
δAB , (2.5)
P αβAB(n) ≡
〈
χαA(n)χ
β
B(0)
〉
=
∫ pi
a
−pi
a
d4p
(2π)4
eipna
aW (pa)
△(pa)
ǫαβδAB , (2.6)
Pα˙β˙,AB(n) ≡
〈
χ¯α˙,A(n)χ¯β˙,B(0)
〉
=
∫ pi
a
−pi
a
d4p
(2π)4
eipna
aW (pa)
△(pa)
ǫβ˙α˙δAB , (2.7)
where
△(p) = D(p) +W 2(p) , (2.8)
with
D(p) =
∑
µ
sin2 pµ , (2.9)
W (p) = 2r
∑
µ
(1− cos pµ) . (2.10)
The appearance of two nondiagonal propagators in (2.6), (2.7) is the nat-
ural consequence of the explicit breaking of the U(1) symmetry related to
fermion number conservation that our regularization entails. When r → 0+
this symmetry is restored, the nondiagonal propagators vanish, and we have
again 24 different fermions.
To sum up, the complete tree level regularized action of the theory is
S = ST + SYM + Sgf + SW . (2.11)
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In the last equation Sgf is the sum of gauge–fixing and ghost terms, and
reads, in continuum notation,
Sgf =
∫
d4x
[ 1
2α
(∂µA
a
µ)(∂νA
a
ν) + c¯
a∂µ
(
Dµc
)a]
, (2.12)
where Dabµ is the covariant derivative in the adjoint representation,
Dabµ = ∂µδ
ab + g ǫabcAcµ a , b = 1, 2, 3 . (2.13)
In [27, 28], it has been pointed out that in a chiral gauge theory the non-
symmetrical (e.g. dimensional) regularization requires the introduction of
nongauge–invariant counterterms in the ghost sector, making it unavoidable
to fix the gauge even on the lattice, in contrast to the case of a theory with
vector–like symmetry (where the invariant formulation and the compactness
of the group make the functional integral well–defined, without the need of
introducing any supplementary condition).
Note that we could also add a Majorana mass term to S,
m
2
∑
n
a4
[
χα˙(n)χβ˙(n)ǫα˙β˙ + χ
α(n)χβ(n)ǫβα
]
, (2.14)
with the sole effect of redefining the function in (2.10),W (pa) −→W (pa) +ma.
We shall soon see that renormalization generates such a mass term.
3 Symmetry Properties of the Regularized
Action
Due to the presence of a gauge–fixing term, the action functional S − SW =
ST+SYM+Sgf no longer possesses a gauge symmetry. Conversely, it exhibits
a BRST invariance [29, 30], summarized by the infinitesimal transformations
δc¯a = ǫ¯/αg
(
∂µA
a
µ
)
, δca = −ǫ¯/2 ǫablcbcl ,
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δAaµ = −
ǫ¯
g
(Dµc)
a , (3.1)
δχ = iǫ¯caT aχ , δχ¯ = iǫ¯χ¯T aca ,
where ǫ¯ is a Grassmann number, and T a = σa/2. However, S is not invariant
under the transformations (3.1): once we introduce the Wilson–Majorana
term, BRST invariance is lost, as well as the invariance under global SU(2)
and U(1) transformations: in the language of a Wilson–like lattice regular-
ization, this is the way anomalies come into play. The breaking of BRST
invariance in our model is not a consequence of the form in which we wrote
the Wilson term, as stated by the Nielsen–Ninomiya theorem: whatever
strategy we use to remove fermion doublers, chiral invariance is lost, if we
want to preserve the locality of the theory [31, 32].
Let us now move on to the residual symmetry properties of the model.
This question is particularly important here because of the more “asym-
metrical” form of our regularization (with respect to the Wilson–Dirac one
employed in [1]). This way, we shall still be able to put some restrictions on
the possible form of the regularized (and unrenormalized) Green functions
GΛ(x1, . . . , xn), thus explaining some of the results of perturbation theory
that could otherwise seem fortuitous. We find that two simple discrete sym-
metries and a continuous one survive even for a 6= 0. In fact, the following
three sets of transformations leave the action of the theory invariant:
1.
χ −→ eiϕT
2
f χ χ¯ −→ χ¯e−iϕT
2
f ,
A −→ eiϕT
2
fAe−iϕT
2
f , (3.2)
c −→ eiϕT
2
adjc c¯ −→ c¯e−iϕT
2
adj ,
2.
χ −→ σ1χ χ¯ −→ χ¯σ1,
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A −→ eipiT
1
fAe−ipiT
1
f , (3.3)
c −→ eipiT
1
adjc c¯ −→ c¯e−ipiT
1
adj ,
3.
χ −→ σ3χ χ¯ −→ χ¯σ3 ,
A −→ eipiT
3
fAe−ipiT
3
f , (3.4)
c −→ eipiT
3
adjc c¯ −→ c¯e−ipiT
3
adj ,
where T ar , a = 1, 2, 3 are the generators of the symmetry in the representa-
tion r (then T af = σ
a/2), and ϕ is a constant. It should be noticed anyway
that much of this is a consequence of the well–known property of the gener-
ators of SU(2) in their fundamental representation, σ2σaσ2 = −σa ∗.
As we can see, the first one is a continuous global symmetry, whereas
the last two involve discrete transformations of the fields. As a consequence,
there will be one conserved Noether current, whose expression is
Jµ(n) =
1
2
[
χ¯α˙(n)σα˙β,µ
σ2
2
χβ(n + µ) + χ¯α˙(n+ µ)σα˙β,µ
σ2
2
χβ(n)
]
− r
[
χ¯α˙(n)
σ2
2
χ¯β˙(n+ µ)ǫα˙β˙ − χ
α(n+ µ)
σ2
2
χβ(n)ǫβα
]
. (3.5)
Since
χ¯α˙(n)
σ2
2
χ¯β˙(n)ǫα˙β˙ = χ
α(n)
σ2
2
χβ(n)ǫβα = 0 ,
the formal continuum limit of (3.5) is
Jµ(x) = χ¯
α˙(x)σα˙β,µ
σ2
2
χβ(x) . (3.6)
As a simple example, we now discuss the consequences of these symmetries
on the general structure, in color space, of the nondiagonal propagator of χ
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fields SαβAB(n) ≡ 〈χ
α
A(n)χ
β
B(0)〉. Using the two discrete transformations (3.3),
(3.4), we obtain that
SαβAB(n) = 〈
(
σiχα
)
A
(n)
(
σiχβ
)
B
(0)〉 i = 1, 3 ,
that is
Sαβ11 (n) = S
αβ
22 (n) , S
αβ
12 (n) = S
αβ
21 (n) = 0 . (3.7)
Hence SαβAB(n) = C
αβ(n) δAB, which shows that this propagator is diagonal
in color space.
4 Fermion Number Nonconservation and
Anomalies
Let us comment on the breaking of the U(1) symmetry associated with
fermion number conservation. In the previous formulation of lattice chiral
gauge theories discussed in [1, 22, 23] one introduces
1. the physical left–handed fermionic degrees of freedom, minimally cou-
pled to the gauge fields (in the Dirac notation of [1] we call them ψL),
and
2. a set of non–interacting, unphysical right–handed fields, ψR, to be not
confused with the right–handed physical fields which could possibly be
present.
The kinetic term should then be written as
ST =
1
2a
∑
n,µ
a4
[
ψ¯L(n)γµUµ(n)ψL(n+ µ)− ψ¯L(n+ µ)U
†
µ(n)γµψL(n)
]
+
1
2a
∑
n,µ
a4
[
ψ¯R(n)γµψR(n+ µ)− ψ¯R(n+ µ)γµψL(n)
]
, (4.1)
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which is nothing but the lattice transcription of
∫
d4x
[
ψ¯Lγµ(∂µ + igAµ)ψL + ψ¯Rγµ∂µψR .
]
(4.2)
The ψR fields allows one to write a Wilson(–Dirac) term transforming, under
U(1), like the monomials ψ¯LψR, ψ¯RψL. For example it could be chosen in
such a way that its continuum limit is proportional to
a
∫
d4x
[
(∂µψ¯L)(∂µψR) + (∂µψ¯R)(∂µψL)
]
. (4.3)
The question of fermion number violation in the context of the theory with
a Wilson term written in a Dirac form has been discussed in [3, 22]. In this
papers it is argued that fermion number violating correlators can be obtained
by applying the cluster decomposition theorem to a Green function like
〈O∆F=+2(x)O∆F=−2(y)〉 , (4.4)
where O∆F=+2 (O∆F=−2) describes a transition in which the variation ∆F
of the fermion number is +2 (-2). When |x− y| → ∞, one gets
lim
|x−y|→∞
〈O∆F=+2(x)O∆F=−2(y)〉 = 〈O∆F=+2(x)〉 〈O∆F=−2(y)〉 ; (4.5)
detailed calculations are then required to check if the r.h.s. of (4.5) is actually
nonzero.
Of course, in the Majorana form discussed in this paper, clustering ar-
guments could still be applied. On the other hand, here fermion number
nonconservation could arise as a consequence of not having introduced the
unphysical right–handed degrees of freedom which would allow us to write a
Wilson term a` la Dirac. This way we have the interesting possibility of writ-
ing non U(1)–invariant amplitudes in perturbation theory for finite lattice
spacing, without the need of applying clustering arguments to Green func-
tions [3, 22, 23, 14]. Since the Wilson–Majorana term (2.3) breaks fermion
9
number conservation, at the lattice level these amplitudes are nonvanishing.
Of course non U(1)–invariant correlators must vanish in any finite order of
perturbation theory when the cutoff is removed; could it happen that, for
some nonperturbative field configuration, some of them have a nonzero con-
tinuum limit ? If such a case occurs, we will immediately be able to identify
physical processes in which fermion number is not conserved [33, 34]. There
is however some problem in this approach.4 To begin with, one should require
that lattice regularizations reproduce in the a → 0 limit the Atiyah–Singer
index theorem. It requires that, if nL (nR) is the number of left–handed
(right–handed) zero–modes of the Dirac operator in the representation r of
the gauge group G in the external field of a gauge connection A of winding
number k[A], then [35, 36, 37, 38]
nL − nR = 2C(r)k[A] ; (4.6)
here C(r) is the Dynkin index of the representation r. Moreover, if A is
(anti)self–dual nR = 0 (nL = 0), so that
nL = 2C(r)k[A] , nR = 0 , if F [A] = F˜ [A] ,
nR = −2C(r)k[A] , nL = 0 , if F [A] = −F˜ [A] .
(4.7)
The index of the Weyl operator in the representation r in a gauge field of
positive winding number k[A] is then given by 2C(r)k[A]. However, when the
number of fermions per unit volume is keep finite and the lattice regularized
version of the Weyl operator is a square matrix, the index cannot be nonzero,
so that the index theorem seems to be not correctly reproduced [39, 40].
An alternative way to state the problem is the following. The number
of fermion zero–modes of the (chiral) Weyl operator is deeply related to the
4We thank the Referee for discussions on this point.
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anomaly of the current associated with fermion number. The continuum
anomaly equation for the (classically conserved) U(1) current for the Weyl
fermion in the representation r of G (in our case G = SU(2) and r = 2)
Jµ = χ¯σ¯µχ, reads
∂µJµ = −
1
32π2
(F aµνF˜
a
µν)2C(r) , (4.8)
(recall that C(2) = 1/2). By consequence, a discrete Z2C(r) subgroup of the
anomalous U(1) is preserved at the quantum level. Since in the present case
C(2) = 1/2 no such discrete subgroup should survive. The number of fermion
zero–modes is 2 · 1/2 · k[A] = k[A], so that, when k[A] = 1, one should find a
nonzero vacuum expectation value in the external field of an instanton for a
single fermion insertion.5 However, the regularization here employed, which
is encoded in the Wilson–Majorana term (2.3), has a discrete Z2 symmetry
(which in this case is also a subgroup of the hypercubical symmetry of the
lattice)
χ −→ −χ , χ¯ −→ −χ¯ ,
which would imply the absence of fermionic condensates, thus not correctly
reproducing instanton physics [33, 34].
This problem is also present when considering the SU(5) gauge theory
with one left–handed fermion, χi, in the antifundamental (5∗), and one left–
handed fermion, χ[ij], in the 2–index antisymmetric representation (10), dis-
cussed in [22]. There, one has C(10) = 3/2 (and of course C(5∗) = 1/2).
The continuum currents Jµ5∗ , J
µ
10 are then anomalous,
Jµ5∗ = χ¯iσ¯
µχi , ∂µJ
µ
5∗ = −
1
32π2
(F aµνF˜
a
µν) , (4.9)
Jµ10 = χ¯
[ij]σ¯µχ[ij] , ∂µJ
µ
10 = −3 ·
1
32π2
(F aµνF˜
a
µν) , (4.10)
5In the external field of an instanton, the (e.g. continuum) theory has no Lorentz (as
well as conformal) invariance. This is because the instanton just breaks this symmetry,
which is restored after the integration over the instanton collective coordinates.
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as well as the fermion number current
JµF = J
µ
5∗ + J
µ
10 , (4.11)
whose anomaly is given by
∂µJ
µ
F = −4 ·
1
32π2
(F aµνF˜
a
µν) . (4.12)
From (4.12) it follows that the U(1) group associated with fermion number
(non)conservation,
U(1) : χi −→ eiαχi , χ[ij] −→ e
iαχ[ij] , (4.13)
has a discrete Z4 subgroup generated by the transformations (4.13) with
αm = (2π/4)m, m ∈ Z which is a symmetry of the full quantum theory,
since in this case the action functional S transforms as
S −→ S + i4kαm = S + 2πim . (4.14)
The SU(5) Wilson–Majorana term reads, in continuum notation,
SW [5
∗, 10] = −
a
2
∫
d4x
(
rijχ
i
✷χj + r[ij],[lm]χ[ij]✷χ[lm]
)
+ h.c. , (4.15)
where rij (r
[ij],[lm]) is an arbitrary, nonsingular matrix, symmetrical in i and
j (in [ij] and [lm]). It is then immediately seen that SW [5
∗, 10] possess a Z2
symmetry for each of the Weyl left–handed fermion.
Of course, one could wonder if this discrete symmetry is spontaneously
broken in the infinite volume limit. In order to fully understand the question
of fermion number violation and to clarify in which way the Z2 is realized,
one should check that the model has the correct anomaly structure for the
left–handed global current. To investigate this important issue, we plan to
compute the abelian axial anomaly with Wilson–Majorana fermions.
In the following section we shall study the perturbative behavior of the
model. We shall see that it correctly reproduce the continuum perturbation
theory properties.
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5 Perturbative Renormalization and
One–Loop Calculations
The consequence of introducing the Wilson–Majorana regularization is that
the Slavnov–Taylor identities corresponding to the would–be BRST sym-
metry do not hold when a 6= 0. This allows an a priori large variety of
nonsymmetrical contributions to Feynman amplitudes: the question of the
possible recovering of the chiral symmetry then arises. The Green functions
of the theory defined by S + Sc.t. can satisfy the BRST identities of the formal
continuum theory only up to terms vanishing when a→ 0. In this picture,
the only purpose of the formal bare theory (the “target theory” of [1]) is
to provide us with a number of equations sufficient to determine the coeffi-
cients of the monomials in Sc.t.. Then it will be possible to perform the final
renormalization, i.e. to match the (new) theory S + Sc.t. and the continuous
one. Equivalently, we could firstly perform a lattice renormalization with the
only purpose of fixing the unknown coefficients contained in Sc.t. by requir-
ing that the a→ 0 limit of the Green functions of S + Sc.t. coincides with
the continuum result (as a consequence they will also obey the same BRST
identities).
The possibility of restoring gauge invariance in a chiral gauge theory
adding a suitable collection of nongauge–invariant, non Lorentz–invariant
(on the lattice) and also non U(1)–invariant (in the Wilson–Majorana ver-
sion discussed here) terms is suggested by the circumstance that we can
consider a noninvariant regularization of QCD (or QED) even though we
know how to gauge–invariantly regularize vectorial theories. The difference
with the present situation lies in the fact that the gauge–invariant regulariza-
tion satisfies the Slavnov–Taylor identities, making it possible, through the
fine tuning of the free parameters in Sc.t., to obtain the invariant continuum
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theory even starting from the noninvariant regularization, at least in per-
turbation theory. In a chiral gauge theory the regularized Green functions
GΛ(x1, . . . , xn) are a priori unconstrained, thus casting doubts on the feasi-
bility of this program. We stress that this fine tuning must be performed in a
nonperturbative way [41], particularly for the coefficients of the dimensionful
couplings. However the perturbative way allows us to perform some simple
analytical calculations and checks (at least to lowest order), that can be use-
ful to study renormalizability and to confirm that anomalous dimensions are
as in any other continuum regularization.
5.1 Vertex Function and Propagators
Here we discuss the structure of the Feynman diagrams we have calculated
perturbatively starting from the action functional S defined in (2.11). They
are the vacuum polarization tensor, the vertex function and the fermion
self–energies (of course we have three different self–energies, as in this theory
there are three different propagators for our Weyl fields χα, χ¯α˙). We shall
then see how these ingredients can be used to fix a number of equations for
the unknown coefficients of the interactions contained in Sc.t..
5.1.1 Vacuum Polarization
We begin by considering the vacuum polarization tensor Πabµν(k), defined by
6
∫
d4x e−ikx
〈
Aaµ(x)A
b
ν(0)
〉
=
δµνδ
ab
k2
+
δµρ
k2
Πabρσ(k)
δσν
k2
+ · · · (5.1)
We find that
Πabµν(k) = g
2 δµνδ
ab
[
δM2a (r) + k
2Ga1(r) + k
2
µG
a
n.c.(r)
]
+
g2 δab
(
k2δµν − kµkν
)[
G0 ln a
2k2 + GF (r)
]
. (5.2)
6We work in the Feynman gauge, α = 1.
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Here the U(1) symmetry breaking shows up very clearly: we can not only
make fermion–antifermion pairs circulate in loops, but also fermion–fermion
as well as antifermion–antifermion pairs, since we do not have to respect
fermion number conservation. The consequence on the vacuum polarization
tensor is the explicit dependence of the coefficients δM2a (r), G
a
1(r), G
a
n.c.(r)
in (5.2) on the color index a. Note that the only logarithmic divergence is
the same of the continuum one. Moreover, using dimensional regularization
we see that the coefficient of this divergence is again equal to G0, where
G0 = 1/48π
2. On the other hand, a mass term δM2a (r) ∝ ra
−2 has emerged,
which renormalize differently the mass of the gauge fields Aaµ for different
values of the color index a = 1, 2, 3. Of course, in a vectorial theory, like
QCD or QED, regularized in a gauge–invariant way (e.g., on the lattice, by
suitably connecting the fermionic matter fields in the Wilson term with the
gauge links), a term like this can not appear. In our case, however, gauge
invariance (or, with the gauge–fixed action, BRST invariance) is broken by
the Wilson–Majorana term, and we can only expect that it has to vanish
when r → 0, as we have verified. The same arguments apply to the coefficient
Gan.c.(r) of the k
2
µδµν term, which explicitly breaks Lorentz invariance (still
satisfying the unbroken hypercubical lattice symmetry), as well as to Ga1(r).
Let us briefly discuss the structure of the tensor Πabµν(k) in color space.
The regularized action does not display the global SU(2) and U(1) symme-
tries of the continuum theory, and it is not a priori obvious that it should
be proportional to δab. In fact, this simple structure stems from the three
surviving symmetries of the regularized action (that we mentioned in the
previous section), which require
〈
Aaµ(x)A
b
ν(0)
〉
= 0 if a 6= b ,
〈
A1µ(x)A
1
ν(0)
〉
=
〈
A3µ(x)A
3
ν(0)
〉
.
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As a consequence, the general form of Πabµν(k) will be
Πabµν(k) = δ
abΠaµν(k) , Π
1
µν(k) = Π
3
µν(k) . (5.3)
We have also checked that the coefficients in (5.2) satisfy the second condition
in (5.3).
5.1.2 Fermion Self–Energies
We start with the diagonal propagator of Weyl fields Sα˙αAB(p), which we write
as
∫
d4x e−ipx
〈
χαA(x)χ¯
α˙
B(0)
〉
= P α˙αAB(p) + P
α˙1α
AC (p)
[
i Σα˙1β2(p)
]
CD
P α˙β2DB (p) + · · · ,
(5.4)
where [
Σα˙β
]
AB
(p) = g2pα˙β δAB
[
A log a2p2 + B(r)
]
. (5.5)
As in (5.2), dimensional regularization gives the same result for the coefficient
of the logarithmic pole, A = CF/16π
2, where CF = T
b
fT
b
f . For SU(2),
CF = 3/4.
We can observe that the complete propagator is still diagonal in color
indices; this can be explained using the discrete symmetries (3.3), (3.4) of
the regularized action, which imply
〈
χαA(x)χ¯
α˙
B(0)
〉
∝ δAB .
In the following, we shall need to extract the r → 0+ part of the Feynman
amplitudes, which are automatically BRST invariant, as in [1]: then we write
Σα˙β(p) =
[
Σα˙β(p)
]
r=0+
+ g2pα˙βG(r) , (5.6)
where now G(0) = 0.
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As remarked before, the global U(1) symmetry which would ensure fermion
number conservation, is broken at the cutoff level by the Wilson–Majorana
term, which formally vanishes when a→ 0. Consequently, the zeroth order
approximation, P αβAB(p), of the nondiagonal propagator, S
αβ
AB(p), also vanishes
in this limit. However, when inserted in loops, it can give rise to finite as well
as to ultraviolet divergent contributions to the Feynman amplitudes: in the
present case it produces a Majorana mass renormalization, which for finite
a reads
∫
d4x e−ipx
〈
χαA(x)χ
β
B(0)
〉
= P αβAB(p) + P
α˙1α(p)
[
Σα˙1α˙2
]
AB
P α˙2β(p) + · · · ,
(5.7)
where [
Σα˙β˙
]
AB
= g2δAB ǫα˙β˙ δm(r) , (5.8)
with δm(r) ∝ ra−1 and, as for the bosonic mass term, δm(0) = 0. When
the cutoff is removed, the two diagonal propagators in the second term tend
to their continuum limit, P α˙β(p)→ −ipα˙β/p2, and the result is a linearly
divergent term. In passing, we remark that the diagonal color structure
of
[
Σα˙β˙
]
AB
is again a direct consequence of the discrete symmetries of the
theory we recorded in the last section.
We omit to write down the obvious formula for the self–energy of anti-
matter fields, which is obtained from (5.8) by replacing ǫα˙β˙ with ǫβα.
5.1.3 Vertex Function
Finally, we present the results of our perturbative calculations for the one–
particle–irreducible (1PI) vertex function Γ˜aρ˙ρ,µ;AB(p
′, p). We find that
Γ˜aρ˙ρ,µ;AB(p
′, p) =
[
Γ˜aρ˙ρ,µ;AB(p
′, p)
]
r=0+
+
(−igσρ˙ρ,µ)
[(
1 + g2γ0 ln a
2µ2 + g2Γ1(r)
)
T aAB + g
2Γ2(r)
(
T a
)∗
AB
]
(5.9)
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where we have included in the first term the r → 0+ finite corrections to
the zeroth order vertex −igσρ˙ρ,µT
a
AB; the functions Γi(r), i = 1, 2 are both
independent of p′, p, and satisfy the condition Γi(0) = 0 .
Let us note, in the previous formula, the appearance of the generators of
the color symmetry in the antifundamental representation,
(
T a
)∗
AB
: this is
due to the insertion of nondiagonal Weyl propagators in virtual loops, as an
effect of the breaking of global SU(2) and U(1) symmetries in the regularized
theory. Lastly, we have checked that the coefficient of the logarithmic diver-
gence is again the same as in the continuum, i.e. γ0 = (CF +Cadj)/16π
2, Cadj
being the Dynkin index of the adjoint representation. For SU(2), Cadj = 2.
5.2 Slavnov–Taylor Identities
Following the ideas sketched in the last section, we now examine a number
of Slavnov–Taylor identities to determine the structure of Sc.t.. We start by
considering the gauge field sector. The relevant identity is7
〈
δ
(
c¯a(x) Abν(y)
)〉
= 0 , (5.10)
which, using (3.1), becomes
1
α
〈
∂xµA
a
µ(x)A
b
ν(y)
〉
+
〈
c¯a(x)
(
Dνc
)b
(y)
〉
= 0 . (5.11)
Differentiating with respect to yν and using the equations of motion for ghost
fields, we get
∂xµ∂
y
ν
〈
Aaµ(x) A
b
ν(y)
〉
= α δ(4)(x− y) , (5.12)
which shows that the longitudinal part of the gauge field propagator is un-
renormalized by the interaction. This identity is automatically satisfied by
the pure gauge and ghost contributions to the vacuum polarization tensor
7We use continuum notation, for the sake of simplicity.
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even for a 6= 0 (if we gauge–invariantly regularize this sector), but not by
terms arising from fermion matter fields. By adding to the bare action S the
appropriate counterterms of dimension less than or equal to four we called
Sc.t., we will have
Πabµν(k) −→ Π
ab
µν(k) +
[
Πabµν
]
c.t.
(k) .
Is it now possible to satisfy the identity (5.10) up to terms of O(a) ? By
Fourier transforming into momentum space we obtain the following equation
kµkν
(
Πabµν(k) +
[
Πabµν
]
c.t.
(k)
)
= 0 , (5.13)
which fixes a number of coefficients for the interactions in Sc.t.. In fact, (5.13)
requires[
Πabµν
]
c.t.
(k) = − g2 δab
[
δµνδM
2
a (r) + k
2
µδµνG
a
n.c.(r) + kµkνG
a
1(r)
]
. (5.14)
This means that we have to add to the bare action a gauge– and Lorentz–variant
(but still renormalizable) counterterm of the form
1
2
∫
d4x
∑
a
(
δM2aA
a
µA
a
µ + G
a
n.c.(r)
∑
µ
(∂µA
a
µ)(∂µA
a
µ) + G
a
1(r)(∂µA
a
µ)
2(x)
)
.
(5.15)
In the fermion sector, we have to impose the following three Slavnov–Taylor
identities to force the regularized theory to reproduce the continuum theory
BRST symmetry: 〈
δ
(
χαA(x)χ¯
β˙
B(y)c¯
a(z)
)〉
= 0 , (5.16)
〈
δ
(
χαA(x)χ
β
B(y)c¯
a(z)
)〉
= 0 ,
〈
δ
(
χ¯α˙A(x)χ¯
β˙
B(y)c¯
a(z)
)〉
= 0 ,
(5.17)
that is
1
α
〈
∂zµA
a
µ(z)χ
α
A(x)χ¯
β˙
B(y)
〉
− ig
〈
c¯a(z)cb(x)
(
T bχα(x)
)
A
χ¯β˙B(y)
〉
+ig
〈
c¯a(z)χαA(x)
(
χ¯β˙(y)T b
)
B
cb(y)
〉
= 0 , (5.18)
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1α
〈
∂zµA
a
µ(z)χ
α
A(x)χ
β
B(y)
〉
− ig
〈
c¯a(z)cb(x)
(
T bχα(x)
)
A
χβB(y)
〉
+ig
〈
c¯a(z)χαA(x)c
b(y)
(
T bχβ(y)
)
B
〉
= 0 , (5.19)
1
α
〈
∂zµA
a
µ(z)χ¯
α˙
A(x)χ¯
β˙
B(y)
〉
+ ig
〈
c¯a(z)cb(x)
(
χ¯α˙(x)T b
)
A
χ¯β˙B(y)
〉
−ig
〈
c¯a(z)χ¯α˙A(x)c
b(y)
(
χ¯β˙(y)T b
)
B
〉
= 0 . (5.20)
We start by examining the first identity. Writing the fermion–fermion–gauge
Green function in terms of 1PI vertex function, complete fermion propagators
and complete gauge field propagator, whose longitudinal part is fixed by
means of (5.11), we get
1
α
∫
d4xd4y eiqx+ipy
〈
∂xµA
a
µ(x)χ
α
A(0)χ¯
β˙
B(y)
〉
=
−i
qν
q2
S ρ˙α(q + p)Γ˜aρ˙ρ,ν;AB(q + p, p) S
β˙ρ(p) . (5.21)
The second and the third term of the identity (5.18) are seen to be, for a 6= 0,
∑
x,y
a8 eiqx+ipy
〈
c¯a(x)cb(0)
(
T bχα(0)
)
A
χ¯β˙B(y)
〉
=
−△gh(q)T
a
AB
[
S β˙α(p) + σρ˙ατ σρ˙ρ,λS
β˙ρ(p) g2Kτλ(p, q)
]
, (5.22)
∑
x,y
a8 eiqx+ipy
〈
c¯a(x)χαA(0)
(
χ¯β˙(y)T b
)
B
cb(y)
〉
=
−△gh(q)T
a
AB
[
S β˙α(p+ q) +
S ρ˙α(p+ q)σρ˙ρ,λσ
β˙ρ
τ g
2Kτλ(−p− q, q)
]
, (5.23)
where △gh(q) is the ghost propagator. Kτλ(p, q) is a complicated function
of the external momenta p, q and of the Wilson parameter r; its complete
expression can be found in Appendix B. The crucial point is that, extracting
the r → 0+ part, we obtain
Kτλ(p, q) =
[
Kτλ(p, q)
]
r=0+
+ δτλ K(r) , (5.24)
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where now K(r) only depends on r. Substituting these expressions into
(5.18), the r = 0+ terms in (5.24) satisfy this identity, whereas the r–dependent
ones do not. We are thus lead to introduce a new interaction in the bare ac-
tion in order to compensate for these terms, i.e.
Z2
∫
d4x χ¯α˙A∂α˙β,µχ
β
A + Z1
∫
d4x χ¯α˙A(igAα˙β)ABχ
β
B + Z˜1
∫
d4x χ¯α˙A(igAα˙β)BAχ
β
B .
(5.25)
Imposing (5.18), we get the following equations:
Z1 − Z2 = − g
2
(
G+ Γ1 +K
)
(r) , Z˜1 = − g
2Γ2(r) . (5.26)
It will not be possible (and actually it is not necessary) to fix separately
the two constants Z1, Z2. In fact, we are only demanding that, for a generic
string of fields O(x1, . . . , xn), the identities
〈δO(x1, . . . , xn)〉 = 〈O(x1, . . . , xn) δ(SW + Sc.t.)〉 = 0
should be satisfied up to terms vanishing when a→ 0. When the counterterm
(5.25) is inserted in the previous equation, only the difference Z1 − Z2 can
appear, since
δ
(
χ¯α˙A(∂α˙β + igAα˙β)ABχ
β
B
)
= 0 . (5.27)
Of course, when the final renormalization is performed, all the coefficients
of the counterterms will acquire their well–definite values, once appropriate
renormalization conditions are imposed.
Finally, we briefly examine identities (5.19) and (5.20). In the one loop
approximation, non BRST–invariant contributions can only arise from first
order corrections to the nondiagonal propagators for fermion fields, which
are responsible for a Majorana mass renormalization. The introduction of a
counterterm of the form
M
2
∫
d4x
(
χ¯α˙χ¯β˙ǫα˙β˙ + χ
αχβǫβα
)
(5.28)
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will make the corresponding identity satisfied, provided that
M = δm(r) . (5.29)
The same equation could have also been obtained by noting that a mass term
is not even invariant with respect to global SU(2) or U(1) transformations.
One of the consequences of this observation is that we have, for the two point
function
〈
χαA(x)χ
β
B(0)
〉
,
T aAC
〈
χαC(x)χ
β
B(0)
〉
+ T aBC
〈
χαA(x)χ
β
C(0)
〉
= 0 , (5.30)
that is, for A = B,
T aAC
(〈
χαC(x)χ
β
A(0)
〉
−
〈
χβC(0)χ
α
A(x)
〉)
= 0 . (5.31)
This condition together with a similar one for antimatter fields is trivially sat-
isfied just when the counterterm in (5.28) is included in the action functional
of the regularized theory.
6 Conclusions
We have presented here a few one–loop calculations in a simple anomaly–free
model of lattice chiral gauge theory. They lend strong support to the idea
that it is possible to reach the BRST–invariant, continuum theory, starting
from an action functional which is the sum of a Wilson regularization of
the tree level action plus a finite number of renormalizable counterterms. In
the one–loop approximation, they are given by (5.15), (5.25), (5.28). The
coefficients of these interactions must be fine–tuned in order to match the
continuum target theory onto its regularized form. Our regularization makes
use of the physical, left–handed degrees of freedom of the theory only, and
in perturbation theory we found no obstructions which would prevent this
22
program to be carried out successfully. The correctness of this procedure at
the nonperturbative level cannot be settled at this stage of work, and should
be assumed in any forthcoming Monte Carlo simulation. As discussed in
section 4, a study of nonperturbative (instanton) physics could clarify the
issue of the existence of a Z2 simmetry in the regularized theory. Since the
model correctly reproduce perturbation theory, we do not expect essential
problems. We plan to come back on this point in a future publication.
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A Euclidean σ¯ Matrices
It is well known that there is a one–to–one correspondence between Weyl
spinors with one dotted and one undotted index (four independent compo-
nents) and ordinary 4–vectors [24], which can be written as
pα˙β =
4∑
λ=1
pλσα˙β,λ , (A.1)
where the four 2× 2 independent matrices σλ are defined through the anti-
commutation relations they must obey, i.e.
σα˙β,µσ
ρ˙β
ν + σα˙β,νσ
ρ˙β
µ = 2δµνǫ
ρ˙
α˙ , (A.2)
σα˙β,µσ
α˙ρ
ν + σα˙β,νσ
α˙ρ
µ = 2δµνǫ
ρ
β . (A.3)
Starting from (A.2), (A.3), it is possible to derive some very useful relations
for products (and traces of products) of σ¯ matrices. We collect here some of
these properties in D dimensions.
∑
µ
σβ˙αµ σρ˙α,µ = D ǫ
β˙
ρ˙ , (A.4)
∑
µ
σβ˙α,µσ
γ˙α
ρ σγ˙δ,µ = (−D + 2) σβ˙δ,ρ (A.5)
∑
µ
σβ˙α,µσ
γ˙α
ρ1
σγ˙δ,ρ2σ
θ˙δ
µ = 4 ǫρ1ρ2ǫ
θ˙
β˙
+ (D − 4)σβ˙δ,ρ1σ
θ˙δ
ρ2
(A.6)
∑
µ
σβ˙α,µσ
γ˙α
ρ1
σγ˙δ,ρ2σ
η˙δ
ρ3
ση˙θ,µ = −2σβ˙α,ρ3σ
γ˙α
ρ2
σγ˙θ,ρ1 − (D − 4) σβ˙δ,ρ1σ
θ˙δ
ρ2
ση˙θ,ρ3 ,
(A.7)
σβ˙αµ σβ˙α,ν = f(D) δµν , (A.8)
where
f(D) = Tr 11 ; (A.9)
hence f(4) = 2.
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B The Explicit Expression of the Function
Kµν(p, q)
Here we report the result of our perturbative calculations for the function
Kµν(p, q) which appears in the Slavnov–Taylor identities (5.22), (5.23). It is
readily evaluated to be
Kµν(p, q) =
Cadj
2
cos
qνa
2
∫
d4k
(2π)4
2 sin kµ
∑
λ sin
(
k+(p+q)a
2
)
λ
cos
(
k−pa
2
)
λ
δλν
∆(k)∆˜(k + pa)∆˜(k + pa + qa)
,
(B.1)
where
∆˜(k) =
1
4
∑
µ sin
2 kµ
2
, (B.2)
and the function ∆(k) is defined in (2.8). It should be pointed out that the
only dependence on the Wilson parameter is contained in the function ∆˜.
According to the decomposition (5.24), we then obtain from (B.1), evaluated
in the limit a→ 0, the result
K(r) = −
Cadj
8
∫
d4k
(2π)4
1
[∆˜(k)]2
(
D(k)
∆(k)
− 1
)
, (B.3)
from which it follows that K(r)→ 0 as r → 0+.
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